SOLID MECHANICS
DYNAMICS

TUTORIAL - NATURAL VIBRATIONS — ONE DEGREE OF FREEDOM

On completion of this tutorial you should be able to do the following.

Explain the meaning of “degrees of freedom”.

Define and explain Simple Harmonic Motion.

Explain the meaning of free vibrations.

Show how various systems vibrate with simple harmonic motion.

Determine the natural frequency and periodic time for simple systems.

Determine the displacement, velocity and acceleration of bodies vibrating with simple
harmonic motion.

Explain the use of energy to analyse vibrations (Rayleigh’s Method)

Explain how to combine several natural frequencies (Dunkerley’s Method)
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1. Introduction

Vibrations in machines and structures can be a problem. Not only are they unpleasant but they can lead to
premature failure, e.g. causing fatigue stress.The vibrations are basically the interaction of inertia in the
vibrating parts and the elasticity in the vibrating system. Anything with mass and elasticity will vibrate
with a natural frequency determined by these. A vibration is created in the system by a disturbing force. A
simple example is plucking a guitar string and this is a free vibration. The vibration will die away due to
damping (friction) but may be maintained by repeated disturbance such as a violin bow being drawn
across the string. This is an example of a forced vibration. In machines the vibrations are usually forced.
A common cause is unbalanced rotating masses.

Much of this tutorial should be regarded as revision of the more basic studies you should have
completed previously.

2.  Free Vibrations
2.1 Degrees Of Freedom

The numbers of degrees of freedom that a body possesses are those necessary to completely define its
position and orientation in space. This is useful in several fields of study such as robotics and vibrations.
Consider a spherical object that can only be positioned somewhere on the y axis. This needs only one
dimension, ‘Y’ to define the position to the centre of gravity so it has one degree of freedom. If the object
was a cylinder, we also need an angle ‘0’ to define the orientation so it has two degrees of freedom.

et

One Degree Two Degrees

Figure 1
Now consider a sphere that can be positioned in Cartesian coordinates anywhere on the z plane. This
needs two coordinates ‘x’ and ‘y’ to define the position of the centre of gravity so it has two degrees of
freedom. A cylinder, however, needs the angle ‘0’ also to define its orientation in that plane so it has three
degrees of freedom.

y Axis y Axis
A A
0
y Y
x X A:iis x x Axis
Two Degrees Three Degrees
Figure 2
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In order to completely specify the position and orientation of a cylinder in Cartesian space, we would
need three coordinates x, y and z and three angles relative to each angle. This makes six degrees of

freedom.
In the study of free vibrations, we will be constrained to one degree of freedom.

y Axis
A

z Axis

Six Degrees

X X Axis

Figure 3
2.2 Free Vibrations- Examples

A free vibration is one that occurs naturally with no energy being added to the vibrating system. The
vibration is started by some disturbance that puts in energy but the vibrations die away with time as the
energy is dissipated. In each case, when the body is moved away from the rest position, there is a natural
force that tries to return it to its rest position. Here are some examples of vibrations with one degree of
freedom.

A pendulum swings
back and forth

A floating body bobs : I l. j

up and down in water
P A mass goes up and

down on a spring

Figure 4

Note that the mass on the spring could be made to swing like a pendulum as well as bouncing up and
down and this would be a vibration with two degrees of freedom.

The motion that all these examples perform is called Simple Harmonic Motion (S.H.M.). This motion is
characterised by the fact that when the displacement is plotted against time, the resulting graph is
basically sinusoidal. Displacement can be linear (e.g. the distance moved by the mass on the spring) or
angular (e.g. the angle moved by the simple pendulum). Although we are studying natural vibrations, it
will help us understand S. H. M. if we study a forced vibration produced by a mechanism such as the

Scotch Yoke.
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2.3 Simple Harmonic Motion

The Scotch Yoke has a wheel that revolves at o radians/sec and the pin at radius R from the centre forces
the yoke to move up and down. The pin slides in the slot and Point P on the yoke oscillates up and down
as it is constrained to move only in the vertical direction by the hole through which it slides. The motion
of point P is simple harmonic motion. Point P moves up and down so at any moment it has a displacement
X, velocity v and an acceleration a.

From the right angle triangle we find x = R sin(wt) and the graph of x - 6 is
|

+R

—R . s \
X Xx=Hhsmo:
£ 6 1 =Rsmi@t) 0 360

Figure 5
2.4 Equations of S. H. M.

Displacement X is X = R sin(wt)

Velocity is the rate of change of displacement

X
V= a and differentiating v = wR cos(wt)

The maximum velocity or amplitude is ®R and this occurs as the pin passes through the horizontal
position and is plus on the way up and minus on the way down. This makes sense since the tangential
velocity of a point moving in a circle is v = ®R and at the horizontal point they are the same thing.

Acceleration is the rate of change of velocity

dv . L .
a= a and differentiating a = —®?R sin(wt)

The amplitude is R and this is positive at the bottom and minus at the top (when the yoke is about to
change direction). Since R sin(wt) = x then substituting x we find a=-2x

At N
VAR

Figure 6

velocity

cceleration
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In the analysis so far made, we measured angle 6 from the horizontal position and arbitrarily decided that
the time was zero at this point. Suppose we start the timing after the angle has reached a value of ¢ from
this point. In these cases, ¢ is called the phase angle. The resulting equations for displacement, velocity
and acceleration are then as follows.

Displacement
x = Rsin(wt + ¢)

Velocity
dx
V=g T R cos(wt + ¢)
Acceleration
dv 20 .
a= T —w“R sin(wt + ¢)

The plots of X, v and a are the same but the vertical axis is displaced by ¢ as shown on figure 7. A point to
note is that the velocity graph is shifted % cycle (90°) to the left and the acceleration graph is shifted a
further ¥ cycle making it % cycle out of phase with x.

it

4

velocity
ceeleration

AW
SN

Figure 7

—

2.4 Angular Frequency, Frequency and Periodic Time

o is the angular velocity of the wheel but in any vibration such as the mass on the spring, it is called the
angular frequency as no physical wheel exists.

The frequency of the wheel in revolutions/second is equivalent to the frequency of the vibration. If the
wheel rotates at 2 rev/s the time of one revolution is 1/2 seconds. If the wheel rotates at 5 rev/s the time of
one revolution is 1/5 second. If it rotates at f rev/s the time of one revolution is 1/f. This formula is
important and gives the periodic time.

Periodic Time T = time needed to perform one cycle.
f is the frequency or number of cycles per second.
It follows that
T= 1 df = !
ST A T
Each cycle of an oscillation is equivalent to one rotation of the wheel and 1 revolution is an angle of 2=
radians. When 6 =2z, t=T.

It follows that since 6 = wt then 2n = T Rearrange and

=2 ndT =1 ando = 2nf
(D—Tan —fan MW= 4T
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WORKED EXAMPLE No. 1

The displacement of a body performing simple harmonic motion is described by the following
equation

x = A sin (ot + ¢) where A is the amplitude, o is the natural frequency and ¢ is the phase angle.
Given A =20 mm, o =50 rad/s and ¢ = n/8 radian, calculate the following.

i. The frequency.

ii. The periodic time.

iii. The displacement, velocity and acceleration when t = T/4.
Sketch the raphs of x, v and a and confirm your answers.
SOLUTION

First deduce the frequency. f = ®/2n = 50/2n = 7.96 Hz.
Next deduce the periodic time. T = 1/f=0.126 s

Next deduce the time t. t = T/4 = 0.0314 s
Next write out the equation for displacement and solve x at t =0.0314 s

. Y1
x = 20sin {(50 x 0.314) + §}
¥
x = 20sin {1.57 + 5} = 20sin1.963 = 18.48 mm

(Remember to use radian mode)

Next write down the equations for v and a

v =20w cos(wt + ¢) = 20 X 50 X cos(1.963) = —382.2 mm/s
a = —20w?sin(wt + ¢) = —20 x 502 x sin(1.963) = —46 203 mm/s?

The plots of x, v and confirm these answers.

i 1000 50000
18.48 g ~
3 ‘ / E“ 00314 g 00314
z time  © | time .5 | time
e (o | 0.0 0.1 E o 005 01 g 0.5 01
=3 = ]
L [ (X
= 0034 = 277 5
46203
=0 =1000 50000
Figure 8
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2. Analysis of Natural Vibrations

In the following work we will show how some simple cases of natural vibrations are examples of simple
harmonic motion. Remember that one important point common to all of them is that there must be a
natural force that makes the body move to the rest position. Another point common to all the following
examples is that the body has mass (inertia) and that in order to accelerate, there must be an inertia force
or torque present.

A free vibration has no external energy added after it starts moving so it follows that all the forces and all
the moment of force acting on the body must add up to zero. This is the basis of the analysis.

3  Simple Pendulum
The restoring force in this case is gravity. When the pendulum is /\

displaced through an angle 6, the weight tries to restore it to the rest
position. This analysis is based on moment of force (torque).

Length L.
Restoring Torque

Weight = mg
The torque produced by the weight about the pivot is

lentp————— e | Weight = mg

Ty =weight X mg L sin6
Figure 9
Inertia Torque

Since the pendulum has angular acceleration o as it slows down and speeds up, it requires an inertia
torque to produce it. From Newton’s second law for angular motion:
Ti =la

o is the angular acceleration and I is the moment of inertia. The mass is assumed to be concentrated at
radius L. (If it was not, the problem would be more complicated).The moment of inertia is then simply

given as | = mL2
Balance Of Moments
If there is no applied torque from any external source, then the total torque on the body must be zero.

mg L sind = - m L2a
g Lsind = -L2q

The sin of small angles is very similar to the angle itself in radians (try it on your calculator). The smaller
the angle, the truer this becomes. In such cases sin(0) = 6 radians and so we may simplify the equation to

g = —La hencea = — (%) 0

This meets the requirements for S. H. M. since the acceleration o is directly proportional to the

displacement 6 and the minus sign indicates that it is always accelerating towards the rest point. It follows
that the constant of proportionality is so (g/L).

= ()

1
(%) =2nf  f=o— %
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Note that the mass makes no difference to the frequency. On earth we can only change the frequency by
altering the length L. If we took the pendulum to the moon, it would oscillate more slowly since gravity is
smaller. In outer space where g is very close to zero, the pendulum would have no weight and would not
swing at all if moved to the side.

Remember also that the above equation is only true if the pendulum swings through a small angle. If the
angle is large, the motion is not perfect S. H. M.

WORKED EXAMPLE No. 2

A mass is suspended from a string 60 mm long. It is nudged so that it makes a small swinging
oscillation. Determine the frequency and periodic time.

SOLUTION
1 [,g&y 1 [9.81
f=o (E) = /—0.06 — 2.035 Hz
T=1f=0.491s
5 Linear Elastic Oscillations

Most natural oscillations occur because the restoring force is due to a spring. A spring is any elastic body
which when stretched, compressed, bent or twisted, will produce a force or torque directly proportional to
displacement. Examples range from the oscillation of a mass on the end of a spring to the motion of a tree
swaying in the wind. Let's start with a simple mass suspended on a spring.

5.1 Mass — Spring System

Consider the mass is pulled down with a force F as shown. Spring stiffness k N/

i Rest position

The spring is stretched a distance Xq. This is called the initial .\
displacement. %

‘C
When the mass is the released, it oscillates up and down with
simple harmonic motion. Let’s analyse the forces involved.

F is the applied force in Newton.
Figure 10

x is the displacement from the rest position at any time and K is the spring stiffness.
Fs = spring force that tries to return the mass to the rest position.
From spring theory we know that Fs = k x

Since the motion of the mass clearly has acceleration then there is an inertia force F;.
From Newton’s second law of motion we know that F; = mass x acceleration =M a
Balancing forces gives

F=Fi+Fs=Ma+kx

If the mass is disturbed and released so that it is oscillating, the applied force must be zero and this is the
requirement for it to be a free natural oscillation.

k
Ma+kx=0 a=—<ﬁ)x
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This meets the requirements for S. H. M. since the acceleration a is directly proportional to the
displacement x and the minus sign indicates that it is always accelerating towards the rest point. It follows

k
that the constant of proportionality is ﬁ It follows that

e, o 1k
=M™ T m

Because this is a natural oscillation the frequencies are often denoted as w, and f,,. This equation is true
for all elastic oscillations.

WORKED EXAMPLE No. 3

A spring of stiffness 20 kN/m supports a mass of 4 kg. The mass is pulled down 8 mm and released
to produce linear oscillations. Calculate the frequency and periodic time. Sketch the graphs of
displacement, velocity and acceleration. Calculate the displacement, velocity and acceleration 0.05 s
after being released.

SOLUTION

_ K [20000 oo @ 45 Hz T = L= 00899
CEIMT T TNy T T e A EE T >

The oscillation starts at the bottom of the cycle so xq = -8 mm. The resulting graph of x against time
will be a negative cosine curve with amplitude of 8 mm. The equations describing the motion are as
follows.

X = XgCoSsmt

When t = 0.05 seconds x = -8 cos (70.71 x 0.05)

x =7.387 mm. (Note angles are in radian) This is confirmed by the graph.

If we differentiate once we get the equation for velocity.
V = -Xgsin ot = -70.71 (-8)sin(70.71 x 0.05) = -217 mm/s
This is confirmed by the graph.

Differentiate again to get the acceleration.
a = -0°XpCosot and since X = xoCosmt a = -0°X = -70.71% x 7.387 = -36 934 mm/s*
This is confirmed by the graph.

Ly
=
=
=
=

10 1000
74 4 - i
- =
5
) E 500 %
e , B E
= seconds 2 . .
] = e
2 o 0.05 ol 2 05 ppme o 0.05 0.1 \l
- 217 - =
(=]
L1
—5 —500 &
30F34 —
-10 -50000

Figure 11
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2.

4.

SELF ASSESSMENT EXERCISE No. 1

Calculate the frequency and periodic time for the oscillation produced by a mass — spring system
given that the mass is 0.5 kg and the spring stiffness is 3 N/mm. (12.3 Hz, 0.081 s).

A mass of 4 kg is suspended from a spring and oscillates up and down at 2 Hz. Determine the
stiffness of the spring.  (631.6 N/m).

The amplitude of the oscillation is 5 mm. Determine the displacement, velocity and acceleration
0.02 s after the mass passes through the mean or rest position in an upwards direction.
(1.243 mm, 60.86 mm/s and -196.4 mm/s?)

From recordings made of a simple harmonic motion, it is found that the frequency is 2 Hz and that at
a certain point in the motion the velocity is 0.3 m/s and the displacement is 20 mm, both being
positive downwards in direction. Determine the amplitude of the motion and the maximum velocity
and acceleration. Write down the equations of motion.

Note that the data given is at time t = 0. You will have to assume that

X = Xgcos(ot + ¢) at time t=0

Ans. x=0.0311 cos(mt - 500)
v = -0.3914 sin(wt - 500)
a=-157.9x

A large drum of radius 0.12 m is mounted on a horizontal shaft. A belt runs over it as shown in
Fig. 12 with a mass of 10 kg on one end.
The other end is restrained with a spring of stiffness 788 N/m.

The drum has a moment of inertia of 0.04 kg m2.
Determine the following.

i. The natural frequency of the system assuming the belt does not slip on the drum.
ii. The maximum and minimum forces in the belt on each side given the maximum displacement is
0.1m.

l M l—I» rest position
| X
Force

Figure 12
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5. A wheel 0.6 m diameter has a mass of 8 kg and is mounted on a horizontal axle. The wheel is
perfectly balanced about the axle. A small mass of 200 g is fixed to the outer edge of the wheel. The
wheel is the made to oscillate with a small amplitude and the periodic time is found to be 5.9 s.
Determine the radius of gyration of the wheel.

The maximum amplitude of oscillation is 100. Find the maximum angular velocity of the wheel as it
oscillates.

Rsine<—»'

mg
Figure 13
6. A pendulum is shown in fig. 14. It consists of a mass of 5 kg on a weightless rod. The centre of
gravity G is 400 mm below the pivot. The radius of gyration about G is 0.05 m. Two light springs are

attached to the rod at point A as shown each with stiffness 750 N/m. Point A is 120 mm below the
pivot.

Pivot

VANV

springs -

Mass

Figure 14

The rod is at rest in the vertical position. Determine the frequency of oscillation if it is disturbed
slightly. Note that you need the parallel axis theorem to do this.

The angular displacement of the rod is 29 when released. Determine the maximum angular
acceleration.
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5.2 Transverse Vibrations

A transverse oscillation is one in which the motion is sideways to the length. This occurs in shafts and
beams. They may be solved as either angular or linear motion and linear is chosen here.

Cantilever

Foirce Force

F 3
. . i ~_ AF
vibr m:mlx k= Ax
Mass
d AF
/ ]
X

T

Figure 15

Consider a mass on the end of a cantilever beam. If the mass is moved sideways to the beam, the beam
bends and it will always be found that the force is directly proportional to displacement. In other words, it
is simple transverse spring. The stiffness of the beam may be found from beam theory. For example in the
tutorial on beams it was shown that the deflection of a cantilever due to the point load on the end is given

by
FL3

Y = 3EI

y is the symbol for the deflection of a beam but since we have denoted the displacement as x in the
studies so far so we will use
FL3

* 7 3EI

The stiffness is hence
F _ 3EI

x I3

The theory is the same as a mass on the spring so
f = 1 |k _ 1 |3EI
- 2n M 2w |ML3
Force
. i = AF
vibration T Ax
4
F
i i A
T Ax
X
X

Figure 16

Simply Supported Beam

Force

L 4

For a simply supported beam with a point load at the middle, the deflection is
FL3 _F _ 48EIl

= —_— k=-=
48EI x FL3

X

1 |k 1 |48EIl

f= o M~ 2. M
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Static Deflection

The stiffness may also be found by measuring the static deflection. Suppose the mass deflects a distance
Xg under its own weight. The force is the weight so F = Mg.

It follows that
M 1 |k 1
Xg 2t | M 271 |Xxq

This formula works for both a cantilever and a simply supported beam. Note that none of the forgoing
work takes into account the mass of the beam or shaft and unless this is small in comparison to the
concentrated mass, the formulae does not give accurate answers. This is covered later.

WORKED EXAMPLE No. 4

A rod 20 mm diameter and 1.2 m long is rigidly fixed at one end and has a mass of 2 kg concentrated
at the other end. Ignoring the weight of the rod, calculate the frequency of transverse vibrations. Take
E = 200 GPa.

SOLUTION

First calculate the second moment of area. For a circular section :

I_T[D4_T[X0.024_7854X10_9 .
“ 64 64 " m

1 |3EI 1 [3x200x10°x7.854 x 10~°
= 5.88 Hz

T o2nMLE T 2n 2 x 1.23

WORKED EXAMPLE No. 5

A horizontal shaft may be treated as a simply supported beam and has a mass of 40 kg placed at the
middle and it deflects 1 mm under the weight. Ignore the mass of the shaft and calculate the
frequency of transverse oscillations.

f= 981 576w
21 |x;  2m.]0.001 z

SOLUTION
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SELF ASSESSMENT EXERCISE No. 2

1. A shaft is mounted horizontally between two bearings. A mass is hung from the centre point and the
shaft deflects 2 mm. Calculate the natural frequency of the shaft due to this weight only.
(11.145 Hz)

2. Abeam is 4 m long and rests on simple supports at each end. The beam has a second moment of area
| of 800 x 10 m* and a modulus of elasticity of 180 GPa. It has a mass of 30 kg placed at the middle.
Calculate the natural frequency of the shaft due to this weight only.

(9.549 Hz)

5.3 Energy Methods (Rayleigh)

Rayleigh came up with a method of solving complex
oscillations for mass — spring systems based on the fact
that during an oscillation the maximum kinetic energy of
the oscillating mass is equal to the maximum strain
(spring) energy. This may be illustrated at a basic level by

considering a simple mass on a spring. \ .

Let the maximum deflection of the mass be X.
The spring forceis  F=k X,.

§pring stiffness k N/m

—t Rest position

Mass M kg

The work done is ¥ F X, = % kX,

Figure 17
Let the displacement at any time be X = X, sin wt
The velocity is V = ®X, COS ot
The maximum velocity is ™ Xo
The maximum kinetic energy is Yo MV? = Y2 Mo? X,
Equate energies and Y5 kXo? = Yo Mw? X,2
Hence as before = kIM

An important point to note is that the result would be the same whatever value is chosen for displacement.
The deflection due to the static mass could be used and this would lead to the same result so it is arguable
that the forgoing including the static deflection method is a result of applying Rayleigh’s method. The
method is particularly useful for transverse oscillations.
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WORKED EXAMPLE No. 6

Calculate the natural frequency of the system shown ignoring the mass of the shaft. The flexural
stiffness is EI = 20 300 N m%.

o 580 mm L 420 mm L 500 mm N
bl bl Ll Ll |
9 N C
D 20 kg
[
Figure 18

SOLUTION
We can use two different but related strategies. We could determine the strain energy or the static
deflection. Let’s use the strain energy method. First determine the reactions at A and C.

¥

T—.-x lm 05m

T 20k
Ry Re ¢

Figure 19

Moments about the left end yields 20 x1.5=R¢ x 1 Rc =30 kg and hence Ra = 10 kg down.
Ra=-98.1 N Rg=294.3 N Up and the load on the end is 196.2 N down.

Strain Energy for Section Ato C
U= f M2dx = f 98.1x)2dx = — oL XT — 0.079
= 2EI X =5%20300 ), O8I =055 300 (3 |, = 0079

Strain Energy for Section C to B

This is simplified if we measure x from the free end and then M =-196.2 x

s 196.22  x31%°
M2dx = — 196.2 -2 (T
U= 2E1f & =2%720 300f (=19629)%dx = 5= =350 13 ]o 0.0395]

The total strain energy is U = 0.0395 + 0.079 = 0.1185J
The deflection produced at the free end is yn,
The strain energy =% F y, and F = weight =20 kg =196.2 N
Hence
0.1185

196.2

Ym = 2 X = 0.0012 or 1.2 mm

If a mass is oscillating up and down sinusoidally y = yn, sin ot
The velocity is ® ym €0s (ot)

The kinetic energy is % Mv?/2 = Y2 M{ ® Y cos (ot)}?
Maximum value of ¥ M/2){® ym}*
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Ym IS the deflection at the end = 0.0021 m M = 20 kg
Equating energies we have Y M{® ym}* = 0.1185

10 »? (0.0021%) = 0.1185

,__ 01185 gyt 907
“ = T10(0.002)2 ~ WEIITT Ty T

Note we could have found the static deflection by beam theory and then used

1 g

f=— — 144H
n = 500.0012 z

Also note that if the disc on the shaft is large, the disc will rotate about its diameter as the shaft
deflects and so angular kinetic energy will also be involved.

5.4 Transverse Vibrations Due to the Distributed Mass

Beams and shafts of many possible configurations (cantilever, simply supported, encastré and so on) will
vibrate in much the same manner as the string on a musical instrument. Each configuration will produce a
natural frequency depending on the mass, how it is distributed and the transverse spring stiffness. These
oscillations can be approached by consideration of the energy changes involved. When a beam is bent,
longitudinal layers become stretched and compressed so that strain energy is stored in it. When the beam
oscillates it has a velocity at any moment in time and hence has kinetic energy. The strain energy and
kinetic energy are converted back and forth from one to the other. The energy trapped in the system
cannot get out and cannot stay static so this interchange of energy occurs with the total energy being
conserved (assuming no damping).

Strain Energy
Consider a simply supported beam with negligible mass. Suppose a weight hanger is suspended from it at
distance x metres from the end. Further suppose that weights are added to the hanger in small increments

causing the beam to deflect a distance y.
< welght

l F 3
L‘—> v

mean or .

rest position %‘\ W

E weights N
Ym

Figure 20 Figure 21

¥
-

If we conducted this experiment and plotted the weights W Newton against deflection y we would get a
straight line graphs as shown. The maximum weight is W and the maximum deflection is yn,.
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The work done is the area under the graph (a triangle). Work Done =% W y,

Since an equal amount of energy has been used to deflect the beam, this energy must be stored in the
beam as mechanical energy due to the stretching and compression of the material along the length. This is
strain energy and we normally denote it as U. The strain energy stored in the beam is hence U =% W yp,

Now consider a beam that does not have a negligible mass and is uniform along its length with a
distributed weight of w N/m. Consider a small length of the beam 6x at distance x metres from the left
end.

., l Y

A

mean or
rest position

mean or rest position

Figure 22

The weight of the element is w 6x Newton. This is equivalent to the weight W in figure 20 so the strain
energy is a small part of the total 5U =% w 8X yn,.

The strain energy is due to the weight of the small length only so if we want the strain energy for the
whole length of the beam we must integrate along the length. Reverting to calculus 6x—dx and sU—dU
then

A%
U::E:fymdx
Kinetic Energy

If at any moment in time the velocity of the element is v then the kinetic energy of the element is %2 6m
v2 where dm is the small part of the total mass. The mass of the element is

wox
om =——
g

In order to understand the velocity of the element we need to consider the S. H. M., which it performs.
ym is the amplitude of the motion. The deflection is zero at horizontal point so we can describe the

displacement (y) with the following equation. .
The deflection at any momentis y = ymsinot m—— . 4

The velocity is v = dy/dt = ® ym cosot o
The maximum velocity is ® Ym. v time “:“f'
The time plots of y and v are as shown. \\/ \

O ¥m

¥

“¥m —

Figure 23
The kinetic energy of the small element at any time is then

w OX
S(K.E.) = ET3 (wyp,coswt)?
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The maximum value is when the cosine has a value of 1. The maximum K.E. of the element is

w
S(K.E)max = Z—goozylznéix

The maximum K.E. for the whole beam is found by integrating with respect to x. Again revert to calculus
dx—dx and 6(K.E.)—>d(K.E.) then
wo? [
(K-E-)max = ?J’Ymdx
Equate U and K.E.

2

w wWw 2
) ymdx = 28 ymdx

From this the angular frequency of the vibration is

2o 8fymdx @
[ y2,dx PAL

In order to evaluate this expression, the function relating the deflection y,, and position x must be known.
In the case of a simply supported beam we know this is as follows.

Simply Supported Beam

w
Ym = SaEr [2Lx3 — x* — L3x]
The solution is difficult and would yield
gEl
f=1572 |—
> wlL*
Cantilever
For a cantilever it can be shown in a similar way that
gEl
f=056 |—
wlL*

5.5 Combination of Distributed and Point Loads

When a beam or shaft has one or more concentrated masses as well as a uniformly distributed mass, the
frequency of oscillation may be found using Dunkerley’s method.

Dunkerleys' Method
This is a method, which enables the frequency of an oscillation to be deduced when it is due to two or
more masses. For example a cantilever oscillates because of its distributed mass and because of any point

loads on it. We know how to work these out separately.

Suppose a beam oscillates a frequency f1 due to one load on its own, f2 due to another load on its own
and f3 due to a third load on its own. When all three loads vibrate together, the resulting frequency f is
found using the reciprocal rule below.

This formula is based on observation and works very well.
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WORKED EXAMPLE No. 7

A cantilever beam is 2 m long and has a cross section 60 mm wide and 40 mm deep. It is made from
a material with a density of 2 800 kg/m3 and a modulus of elasticity of 78 GPa. It has a mass of 5 kg
attached on the end. Calculate the following.

i. The natural frequency due to its own weight only.
ii. The natural frequency due to the point load only.
iii. The combined frequency.

SOLUTION
The natural frequency due to its own weight is

f= 056 |ECL
o wlA

First calculate the weight of 1 metre length (w).

Volume = sectional area x length = 0.06 x 0.04 x 1 = 0.0024 m*

Next change this to mass. m = density x volume = 2 800 x 0.0024 = 6.72 kg/m.
Next change this to weight. w =mg =6.72 x 9.81 = 65.92 N/m

Next calculate the second moment of area about the horizontal centre line.

BD3 _0.06 x 0.043

— % 10~ m*
12 12 320 X 107" m

[ =
Now calculate f

= 8.532 Hz

f= 056 9.81 x 78 x 102 x 320 x 10~°
o 65.92 x 24

The natural frequency due to the mass at the end only is

(_ 1 [48EI_ 1 |48x78x10°x320x107°
“on M T 2n 5 x 23 = e/ iz

Now find the combined frequency.

L1111
85322 ' 27.542

f2=§+§_

= 0.015

f2 =66.42 f=8.15Hz
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SELF ASSESSMENT EXERCISE No. 3

la. A shaft is 20 mm diameter and 3 m long and simply supported at each end.

The density is 7 830 kg/m3. E = 205 GPa. Calculate the natural frequency.
(Ans. 4.47 Hz)

The same shaft has a flywheel mounted at the middle of mass 10 kg

1b. Calculate the new natural frequency due to the point load only.
(Ans. 2.69 Hz)

1c. Calculate the combined natural frequency for the uniform and point load.
(Ans. 2.3 Hz)

2. A cantilever has a flexural stiffness of 1 kN m2 and is 3 m long. A mass of 0.5 kg is placed on the
end. Calculate the natural frequency. (1.37 Hz)

3. A mass of 4 kg is suspended from a spring and oscillates up and down at 2 Hz. Determine the
stiffness of the spring. (Ans. 631.6 N/m).

From recordings made of the oscillation it is found that at a certain point in the motion the velocity is
0.3 m/s and the displacement is 20 mm, both being positive downwards in direction. Determine the
amplitude of the motion and the maximum velocity and acceleration. Write down the equations of
motion.

Note that the data given is at time t = 0. You will have to assume that

X = XgCos(wt + ¢) at time t=0

Ans. x=0.0311 cos(wt + 500)

v = 0.3914 sin(ot + 500)
a=-157.9x
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6. Torsional Oscillations

gl Fixed End
A torsional oscillation occurs when a restoring torque acts on a body
which is displaced by turning it about its axis. The restoring torque may
be caused by twisting a shaft or by some other form of spring. A
torsional spring produces a torque (T) directly proportional to the angle
of twist (Q) such that T =k 0. Shaft

k; is the torsional spring constant and for a simple shaft this may be
derived in terms of the material dimensions and properties. From the
tutorial on torsion we found that

T GO
] L
The torsional spring constant is
I = T G
T8 L
Figure 24
For a solid round shaft the polar second moment of area is J
_ mD*
=%

L is the length and G is the modulus of rigidity for the material. Consider a flywheel of moment of inertia
I on the end of a vertical shaft as shown.

If a torque T is applied to the flywheel it must

1)  Overcome the inertia (inertia torque) by the law T =la

2)  Twist the shaft (spring torque) by the law T=kto
Hence T=la+ K;0
When the flywheel is released, the torque is zeroso 0=la + Kt 0

Rearrange to make the acceleration (o) the subject
Ky
=——20
*= T
This shows that the angular acceleration is directly proportional to displacement angle and always
towards the rest position so the motion is S. H. M. The constant of is proportionality ® hence

w2=& fzﬁzi E
| 2t 2m .| 1

Two Inertia Systems

L
If we have two discs on a shaft as shown, a node will form at TN L, | i
. . . . I]. 4 =it 2 gl
some point between them where the angle of twist is zero. Inertia
will deflects 01 relative to the node and inertia 2 deflects 0,. This e
may be regarded as two separate systems with the same natural
frequency.
k k —
Of == ku=hLo] kg =l uode —
1 2
T, G GJ T, GJ GJ ‘ %
1 2 B I
kpyp =5 =— Ll:k_ Kip = = =— Lzzk_ 1|
e1 Ll t1 e2 LZ t2
Figure 25
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Assuming the G and J are the same for both sections of the shaft

GG G 1 kuke
t L L1+L2 ﬂ‘l'ﬂ 1 + 1 kt1+kt2

ky " ke  ka ke

Substitute ki, = lw? ki, = 1,02

:wglllz L2 I + 1,
I +1, net L

t

WORKED EXAMPLE No. 8

A shaft free to rotate carries a flywheel with I, = 2 kg m? at one end and I, = 4 kg m? at the other. The
shaft connecting them has a stiffness of 4 MN m/rad. Calculate the natural frequency and the
position of the node as a % of the length.

SOLUTION

I +1 2+ 4
2 4x10° —— =3 x10°

2 —k
@n = Ke T 2 % 4

op=1732rad/s f,=275.7 Hz

If we regard the node as a fixed point each rotor will have the same natural frequency about that
point. For a single rotor system

k
For rotor 1 wﬁ=3x106=7t1 ke, = 6 X 10°

k
For rotor 2 wn=3><106=%2 ke, = 12 X 106

The difference in stiffness is due to the difference in length of the shaft. ki = GJ/L and GJ is the same
for both sections.
kg L 6 L-1L,

=—~=— L=L+L, L,=
ke, Ly 12 L 2 2

2L2:L_L1 3L2:L L1:?
The node is L/3 from the right.
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7. Whirling of Shafts

When a shaft rotates, it may well go into transverse oscillations. If the shaft
is out of balance, the resulting centrifugal force will induce the shaft to
vibrate. When the shaft rotates at a speed equal to the natural frequency of
transverse oscillations, this vibration becomes large and shows up as a
whirling of the shaft. It also occurs at multiples of the resonant speed. This
can be very damaging to heavy rotary machines such as turbine generator
sets and the system must be carefully balanced to reduce this effect and
designed to have a natural frequency different to the speed of rotation.
When starting or stopping such machinery, the critical speeds must be
avoided to prevent damage to the bearings and turbine blades. Consider a
weightless shaft as shown with a mass M at the middle. Suppose the centre
of the mass is not on the centre line.

—|

Figure 26

h—r t+e

When the shaft rotates, centrifugal force will cause it to bend out. Let the deflection of the shaft be r.

The distance to the centre of gravity is then r + e.
The shaft rotates at o rad/s.
The transverse stiffness is ki N/m

The deflection force is hence F =kt r
The centrifugal force is Mo2(r + e)

Equating forces we have
kr = Mw?(r + e)

Mw?(r+e) Mw?r Mw?e
r= = +

K¢ k¢ Ky
Mw?e
r= Mw?2
K (1 TR )
It has been shown that
K¢ " w?e e
M:(,On SO r = 3 Q)Z _wn_l
(.l)n 1 - E w
n

From this we see that when on= ® r = e/0 which is infinity. This means that no matter how small the
imbalance distance e is, the shaft will whirl at the natural frequency. Balancing does help but can never be

perfect so whirling is to be avoided on the best of machines.

The lowest critical speed for any shaft corresponds to the lowest natural frequency of transverse
vibrations. For uniform shafts this is due to the distributed mass. The same methods outlined in transverse
vibrations may be used to find the fundamental frequency. Higher critical speeds occur when the shaft
takes up other shapes and correspond to a mode n. Without derivation, the formulae for the whirling

frequencies are as follows.
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Simply Supported — The ends are free to rotate normal to the axis (e.g. self aligning bearings)

_T o |8EL
f=on o
where n is the mode and must be an integer 1, 2, 3 ......
n-=1
E & E n=2
S .
Figure 27

Fixed Ends (e.g. fixed bearings or chucks)
The lowest critical speed is

f= 3562 |85

e wlLA

T 1\? [gEl
f—z@+§)/WE

n=23,.. .. Note that the lowest speed almost correspondston =1

- —
_- | UU | -_ — = — = . second mode

Encastre

The higher critical speeds are given by

Figure 28

Cantilever (e.g. chuck at one end and free at the other)

The lowest critical speed is
gEl
f=0. ’—
0.565 Wit

T 1\? [gEl
f=2(n-3) |22
2 2/ |wlt

Higher modes

where n=2,3 ... Note that the lowest speed almost correspondston =1
Figure 29
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WORKED EXAMPLE No. 9

A light shaft carries a pulley at the centre with its centre of gravity on the centre line. The shaft is
supported in self aligning bearing at the ends. The shaft deflects 0.5 mm under the static weight of
the shaft. Determine the lowest critical speed.

SOLUTION

The frequency corresponds to that of a simply supported beam so

f= 1/9 = 1 /& =22.3Hz The critical speed is 60 x 22.3 = 1338 rev/min
2n\| X, 2=\ 0.0005

WORKED EXAMPLE No. 10

The shaft in the previous example has a distributed weight of 40 N/m and the bearings are 1.2 m
apart. The flexural stiffness is 4500 N m?.

What is the critical speed taking into account the distributed mass?

SOLUTION

The frequency due to the distributed weight only is

=T [y g7p [981XA00 o4 5\ - 6ot = 2176 revimin
2 VwL 40x1.2

The critical speed is N is found from

izzin“iz: 12+ 5 Hence N = 1140 rev/min
N N7 N3 1338° 2176

WORKED EXAMPLE No. 11

A steel wire 2 mm diameter is held between chucks 1m apart. The wire weighs 0.241 N/m. The
flexural stiffness is 0.157 N m?. Calculate the first two critical speeds critical speed.

SOLUTION

The lowest frequency due to the distributed weight only is

f =3.562 /£|4 =3.562 /M =9 N = 60f = 540 rev/min
wL 0.241x1
2 2
The second critical speed is f = E(n +£J /£|4 = E(ZJA) /M =24.8
2 2 wL 2 2 0.241x1

N = 60 x24.8 = 1489 rev/min
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SELF ASSESSMENT EXERCISE No. 4

1. A propeller shaft may be regarded as fixed at one end with a moment of inertia of 4 kg m? at the
other. The shaft is 25 mm diameter and 0.4 m long. The modulus of rigidity is 90 GN/m?.

Calculate the natural frequency of the first mode of vibration (ignoring the mass of the shaft).
(Answer 7.4 Hz)

2. A shaft 10 mm diameter and 1 m long is fixed at one end and has a moment of inertia of 0.5 kg m* at
the other end. The inertia is set oscillating and the frequency is measured as 1.727 Hz. Determine the
modulus of rigidity of the shaft material. (Ignore the mass of the shaft).

(Answer 60 GN/m?)

3. A shaft 1.8 m long and 30 mm diameter has an moment of inertia of 2.5 kg m? at one end and and 4
kgm? at the other end. The shaft rests in bearings. The modulus of rigidity is 80 GN/m?.
Calculate the natural frequency of torsional vibrations and the position of the node.
(Answers 7.628 Hz and 1.108 m from the smaller inertia)

4. A shaft 30 mm diameter is made from steel with density 7 830 kg/m®. Calculate the weight per metre
(54.3 N/m)

The shaft runs between self aligning bearings 2.2 m apart. The modulus of elasticity E is 200GN/m?.
Calculate the lowest critical speed. (738 rev/min)

A pulley is mounted at the middle and this makes the shaft deflect 1.5 mm. Calculate the lowest
critical speed. (533 rev/min)

5. Athin rod 5 mm diameter is held between two chucks 0.8 m apart. The wire weighs 1.508 N/m and
the flexural stiffness is 6.136 N m Calculate the first two critical speeds.
(2 110 rev/imin and 5 815 rev/min)

6. A shaft is 50 mm diameter and 8 m long and may be regarded as simply supported. The density is 7
830 kg/m3. E = 205 GPa. Calculate the first three critical frequencies. (1.571 , 6.279 and 14.13 rev/s)

7. An aluminium rod is held in a chuck with the other end unsupported. It is 12 mm diameter and 400

mm long. The density of aluminium is 2 710 kg/m3 and the modulus of elasticity E is 71 GPa.
Calculate the first two critical speeds. (3 253 rev/min and 20 350 rev/min)
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7. Oscillation of a Floating Body

You may have observed that some bodies floating in

water bob up and down. This is another example of

l l Rest simple harmonic motion and the restoring force in
X position this case is buoyancy.

Aresn Force

Consider a floating body of mass M kg. Initially it is
at rest and all the forces acting on it add up to zero.
Suppose a force F is applied to the top to push it
down a distance x. The applied force F must
overcome this buoyancy force and also overcome
the inertia of the body.

Figure 30

Buoyancy Force

The pressure on the bottom increases by Ap = p g x.

The buoyancy force pushing it up on the bottom is Fy, and this increases by Ap A.
Substitute for Apand F,=pgx A

Inertia Force
The inertia force acting on the body is Fi= M a

Balance of Forces
The applied force must be F = F; + F, and this must be zero if the vibration is free.

0=F+F,=Ma+pgxA
Make acceleration the subject
_pAg

M

This shows that the acceleration is directly proportional to displacement and is always directed towards
the rest position so the motion must be simple harmonic and the constant of proportionality must be the
angular frequency squared.

wzszg o = pAg fz_g pAg
M M 2| M

SELF ASSESSMENT EXERCISE No. 5

1. A cylindrical rod is 80 mm diameter and has a mass of 5 kg. It floats vertically in water of density
1036 kg/m?. Calculate the frequency at which it bobs up and down.
(Ans. 0.508 Hz)
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